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Scaling of Equilibrium Boundary Layers Under Adverse Pressure
Gradient Using Turbulence Models

Ruud A. W. M. Henkes*
Delft University of Technology, 2629 HS Delft, The Netherlands

The large Reynolds number behavior of four commonly used turbulence models was investigated by numerically
solving the boundary-layer equations up toReo = 108 for turbulent boundary layers under an adverse pressure
gradient with an equilibrium parameter (3 = (^*/rw)(dp/djt:) in the range between 0 and 200. All models reproduce
the same classical scalings in the inner and outer layer. The solution in the outer layer asymptotes to the defect
law described by the defect-layer equation as derived by Tennekes and Lumley (Tennekes, H., and Lumley, J. L.,
A First Course in Turbulence, MIT Press, Cambridge, MA, 1972, pp. 186-188) and not to the one derived by Wilcox
(Wilcox, D. C., Turbulence Modeling, DCW Industries, Inc., La Canada, CA, 1993, pp. 110-121). The asymptotic
state is obtained at a higher Reynolds number for increasing f3 value. The turbulence models show that the same
outer-edge velocity can generate two different equilibrium boundary layers. Comparison with existing experiments
shows that the differential Reynolds stress model is very accurate; the algebraic model and the k-ui model are also
reasonably good. The k-e model is not accurate for these adverse-pressure gradient boundary layers, and it gives
a far too large wall-shear stress.

Introduction

T HE present study derives the scalings according to four com-
monly used turbulence models for equilibrium boundary lay-

ers under an adverse pressure gradient. According to Clauser,1 the
boundary layer is in equilibrium if the parameter ft = (8*/rw)(dp/
dx) is independent of the streamwise coordinate, or equivalently,
independent of the local Reynolds number Reo = U9/v (with U
the outer edge velocity, 0 the momentum thickness, and v the kine-
matic viscosity). The proper scalings are those that cause the scaled
flow to become independent of the local Reynolds number, when
its value has become sufficiently large. The scaled flow can then
also be referred to as a similarity flow type. The similarity scalings
and corresponding velocity and turbulence profiles are of great the-
oretical and practical interest. When the flow is independent of its
streamwise coordinate, a theoretical model, e.g., a turbulence model,
needs to be compared with experimental data at a single streamwise
position only. In applications knowledge of the scalings can direct
the upscaling of laboratory experiments to real-life configurations,
such as wind-tunnel tests for the drag of airfoils and aircraft vs real
in-flight drag.

The scalings are derived from the turbulence models without
making any additional a priori assumptions, which means that the
scalings follow from the straightforward numerical solution of the
boundary-layer equations. Computations are made up to the very
large Reynolds number of Re0 = 108, which is sufficient for the
similarity scalings to appear. A strong grid refinement was applied
close to the wall. By doubling the number of grid points, the solu-
tions were verified to be numerically accurate.

The classical theory, e.g., due to Clauser,1 von Karman,2

Millikan,3 and Coles,4 finds that the boundary layer can be split
up in an inner layer (law of the wall), with length scale V/UT and
velocity scale ur, and an outer layer (defect layer), with the velocity
scale UT and the length scale A = 8*(U/ur) (where 8* denotes the
displacement thickness and ur the wall-shear stress velocity). For
large y+, i.e., (yur/v), the theory predicts the logarithmic shape
of the law of the wall. Furthermore, ur/U ->• 0 for Re9 -+ oo.
Recently, George and Castillo5 have doubted the correctness of the
classical theory, and instead they propose a power-law dependence
for the law of the wall and a nonzero constant for ur/U at large
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Reynolds number. The latter proposal has been received, however,
with some skepticism by the fluid-mechanics community.

The purpose of this study is threefold.
1) Find the proper scalings in the inner and outer layer according

to four commonly used types of turbulence models of increasing
complexity: the algebraic model of Cebeci and Smith,6 the two-
equation k—€ model of Launder and Sharma,7 the two-equation k-a)
model of Wilcox,8 and the differential Reynolds stress model of
Hanjalic et al.9

2) Verify whether the solution in the defect layer as predicted
by the boundary-layer equations equals either the solution of the
defect-layer equation proposed by Wilcox8 or the one proposed by
Tennekes and Lumley.10 There is a difference between the formu-
lations, and only one of the two can be correct.

3) Compare the performance of the different turbulence models
with experiments, including the new data set obtained by Skare11

and Skare and Krogstad12 for the equilibrium boundary layer at
f> — 20, which is close to turbulent separation.

Theory for the Scalings of the Inner and Outer Layer
To derive the scalings of the boundary layer under an adverse

pressure gradient we start from the turbulent boundary-layer equa-
tions for an incompressible flow, which read

3u 3v

3u 3u 1 dp 32u
— + v— = —— -f- + v——
3x 3y p ox 3yz

——- —u'v>
3y

(2)

where x and y are the coordinates along and normal to the wall,
respectively; u and v are the corresponding velocity components;
p is the pressure; p is the density; v is the kinematic viscosity; and
—u'v' is the Reynolds shear stress.

According to the classical theory, which is mainly due to Clauser1

and Coles,4 the velocity scale in both the inner and outer layer is the
same, namely, W T , which is the wall-shear stress velocity (t^/p)1/2,
with rw the wall-shear stress jJi(du/dy)w. The length scale differs
and is V/UT for the inner layer and A = 8*U/uT for the outer layer; 8*
is the displacement thickness and U is the local outer-edge velocity.
Among others, Tennekes and Lumley10 and Wilcox8 have derived a
so-called defect-layer equation, which is the equation that describes
the similarity solution in the outer layer. As the present author no-
ticed a striking difference between the derivations of Tennekes and
Lumley and of Wilcox, implying that one of the two equations is
not correct, the theory is discussed here.
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It is assumed that molecular diffusion can be neglected in the
outer layer, which simplifies the boundary-layer equations (1) and
(2) to

and

dw ch> _
ax ay

au au 1 dp 3 ——
u— -f v— = — — — — —u'v'

dx ay p dx ay

(3)

(4)

The (jc, y) coordinates are transformed into (f , 77) coordinates, ac-
cording lo % = x and 77 = y/A, where A is the length scale of
the boundary layer. The velocity and Reynolds stress are scaled as
(U - u)/UQ = /(y/A) and (-«V)//?0 = Ky/A), where UQ is
a proper velocity scale, and R() is a proper velocity scale squared.
Transformation of the momentum equation (4) gives

_(5)

A prime denotes differentiation to 77.
Substituting the classical scalings (UQ = UT, A = 5*C//Mr, R() =

u*) into Eq. (5) gives

/ ^^d t /o _ _ A _ d f / \ (^_&Uo
V t foOb"dF~ Ob dF"y /+V^o"dr

L A dU\ _, /dA A dl/0\ ,, f , , /?o ,
+ 77-77 h /~ I -j-^—-^)/ / fdr1=-Irc/o df / V df c/o d? / Jo ^o

(a = r' (6)

with

_ _ _
ur ur

_ ^_d5* 3* dU
UT df WT d§

(7)

If Eq. (6) defines a similarity equation, the coefficients a, 0, a>,
y, and x must become constants for Ree -* oo. As shown subse-
quently, this is indeed the case.

Approaching the wall, the solution in the outer layer must match
with the solution in the inner layer. If one assumes that convection
can be neglected close to the wall, the boundary-layer equations (1)
and (2) for the inner layer reduce to

du
^Tax

1 dp
--^
p dx

B2u
——
By2 ay

(8)

(9)

Nondimensionalization of the momentum equation with the velocity
scale ur and the length scale V/UT (and denoting scaled quantities
with the common + superscript) gives

0=. Re* v+2
- -—u'v1

ay+ (10)

Here Re* is the local Reynolds number defined by uT8*/v. The
equation shows that the pressure contribution can be neglected if
local Reynolds number becomes increasingly large. The stronger the
adverse pressure gradient (giving larger 0), the larger local Reynolds
number must be to justify the neglect of the pressure term in the inner
layer. At separation (giving p/Re* -> oo) the pressure contribution
cannot be neglected. In the present study, though p could be as large
as 20 or even 200, separation itself is not considered, but the local
Reynolds number is increased instead.

If the pressure can be neglected, the same law of the wall holds
in the inner layer for boundary layers with and without stream wise
pressure gradient. Using the boundary conditions u+ = u'v' = 0
at y+ = 0, the inner-layer equation gives

lim -u'v'+ = 1 (U)

lim u+ = (12)

The latter expression can be rewritten in outer-layer scalings as

lim[(Z/ - u)/ur] = f ( n ) = -(l/K) fciOj) + C' (13)

This equation can be used as a boundary condition to solve Eq. (6).
Eliminating u from Eqs. (12) and (13) gives the following wall-

shear stress law:

(14)

with Re8* = U8*/v. This shows that ur/U -> 0 for Re%* -» oo
and, thus, for Ree -> oo. To find the asymptotic values of Eq. (7),
these coefficients are developed in a series with respect to the small
parameter ur/U. Use is made of the integral form of the momentum
equation (2), which reads

de °f (15)

where the wall-shear stress coefficient is defined as c/ = ru,/
jp{/2 = 2(«r/f/)2. This equation is equivalent to

(16)

Use is also made of the definitions of 8* and 0. For S* we have

Hence, the definition of 8* leads to the integral restriction

The definition of 0 gives

(17)

(18)

(19)

with

-/*JQ
According to Eq. (19), the shape factor can be expressed as

l/H = 0/8* = I - C*(uT/U) (20)

AsuT/U -+ 0 for Reo -> oo, this relation shows that H -» 1 for
very large Reynolds numbers. It is noted that C* is the same as the
so-called Clauser parameter G, which can be used as an alternative
for p to denote that the boundary layer has reached an equilibrium
state. Using Eq. (19), we have

c _f (Hz:) ,(£)_>:
Jo V «r / \A / (,

- (l/H) (21)

Substitution of Eq. (14) into Eq. (7) and applying Eqs. (16) and
(20) gives the following series expansion of the coefficients (7):

a = 1 + 3/3 + (1 + P)C*(ut/U) + •••

(o = -ip- (1/2/0(1 + 2/3)(« t/tf) + • • •

y = -ft(ur/U) - (l/K)(l+2p)(ur/U)2

(22)

or to leading order a = 1 + 3/3, u> = — 1/3, and y = x = 0.
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Therefore, for increasing Re0 Eq. (6) asymptotes to the following
defect-layer equation for the outer layer:

(23)

with boundary conditions/ ->• — (l//c) &v 77+6" for 77 -> 0, / ->• 0
for 77 ->• oo, and the integral restriction

fJo

Tennekes and Lumley10 end up with the same equation, but they did
not show the series expansions as has just been given. Wilcox8 ends
up with a different equation,

(24)

He argues that CD —> 0 for Reg -> oo. Substituting this, together
with a = 1+3/3 and y = x = 0, into Eq. (6) gives Eq. (24). However,
our systematic series expansion shows that CD does not vanish, but
asymptotes to — ̂  instead. This proves that Eq. (23) is the correct
defect-layer equation, as will also be confirmed by the solutions
from the boundary-layer equations, presented in the sequel of this
paper. Wilcox's formulation is only correct for the zero pressure
gradient case (ft = 0).

Turbulence Models
To solve the boundary-layer equations (1) and (2) or the defect-

layer equation (23), a turbulence model is needed to represent the
Reynolds shear stress. The following models are considered: al-
gebraic model of Cebeci and Smith,6 two-equation low-Reynolds-
number k-€ model of Launder and Sharma,7 two-equation low-
Reynolds-number k-co model of Wilcox,8 and differential Reynolds
stress model of Hanjalic et al.9

The algebraic model uses an algebraic relation to approximate
the turbulent viscosity that appears in —u'v' = vt(du/dy). The k—€
model solves differential equations for the turbulent kinetic energy
and the turbulent dissipation rate € to model the turbulent viscosity,
whereas the k-co model solves a differential equation for CD instead
of e (where co is proportional to €/k). The differential Reynolds
stress model (DSM) is the most complete model, as it solves dif-
ferential equations for all Reynolds shear and normal stresses, as
well as for 6. More details of the models are given in the cited refer-
ences, and in Ref. 13. Within each class of models (algebraic, k-e,
k-co, and DSM) only one specific formulation has been considered

here. These formulations are well known in the literature and have
already been applied to a number of flow types. However, other for-
mulations might exist (particularly within the class of k-€ models)
that are more suited for boundary layers under an adverse pressure
gradient.

The boundary-layer equations are solved with a marching nu-
merical procedure, after discretization with a second-order finite
difference scheme. A Cartesian grid is used with a very strong grid
refinement in the lower part of the inner layer. The outer edge of the
computational domain was checked to be chosen sufficiently far so
as to have a negligible effect on the development of the boundary
layer. To account for the growth of the boundary layer in the stream-
wise direction, at different x positions the outer edge was increased
and the y grid points were redistributed. All results presented are
guaranteed to be grid independent. This was checked by doubling
the number of points in x and y direction. A typical y grid consists
of 200 or 400 points.

The defect-layer equation (23) depends on only the single coor-
dinate Y}. This ordinary differential equation was numerically dis-
cretized with a second-order difference scheme, applying 200 or
400 points. An iteration process was used to satisfy the boundary
conditions and the integral restriction.

Asymptotic Behavior at Increasing Reynolds Number
The boundary-layer equations were solved for the four turbulence

models with different ft values between 0 and 200. The calculations
were started at Reo = 300, where the results from direct numerical
simulations by Spalart14 for a zero-pressure gradient were used as
starting profiles. At each downstream position the outer-edge ve-
locity was iteratively updated until the chosen ft was obtained. The
calculations were extended up to about RBQ = 108.

For all considered models the classical scalings appear for in-
creasing Reynolds number. An example is given in Fig. 1, which
shows the velocity and Reynolds shear stress in the inner and outer
layer, as obtained with the DSM for ft = 1. In the inertial sublayer,
being the outer part of the inner layer, the velocity (Fig. la) asymp-
totes to the logarithmic law of the wall; the generally accepted best
fit to experiments (having K = 0.41 and C = 5) is shown as a long
dashed line. The velocity in the outer layer (Fig. Ib), when scaled
with UT and A, asymptotes to a single similarity profile, the so-called
defect law. Only the solution for Re0 = 103 shows some deviation
from the asymptotic state, but up to at least graphical accuracy no
changes are found from Reg = 104 on. The Reynolds shear stress
in the outer part of the inner layer (Fig. Ic) approaches the law of

a) Velocity in inner layer (——, experi-
mental law of wall)

20.
U-u

10.

0.2 0.3

b) Velocity in outer layer

c) Reynolds shear stress in inner layer
(——, theoretical law of wall for Reynolds
shear stress)

2.

-u'v'

0.2 / A 0.3

d) Reynolds shear stress in outer layer
Fig. 1 Appearance of the law of the wall and the defect law for increasing Reynolds number according to the DSM with /3 = 1; - • -, RCQ = 103; ——,
104; and ——, 10s, 106, and 107.
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the wall -urv'+ = 1 [Eq. (11)]. The Reynolds shear stress in the
outer layer (Fig. Id) asymptotes to a similarity shape with a local
maximum. The appearance of a maximum for the Reynolds shear
stress in the outer layer [with (—u'v')/u2

r > 1], as well as for the
turbulent kinetic energy, is characteristic for adverse pressure gra-
dient boundary layers (ft > 0); such a maximum is not found for
the zero pressure gradient boundary layer (ft = 0; see Ref. 15 for
more details).

We checked that the similarity profiles for the different quantities
in the inner layer are independent of ft, which is in agreement with
the discussed theory, showing that the same law of the wall holds
independent of the pressure gradient. For all four considered turbu-
lence models the scalings for the inner and outer layer are the same.
Differences are found for the resulting similarity profiles, some of
which are discussed later.

To give some quantitative insight in how the asymptote is obtained
for the DSM at ft = 1, Table 1 gives the values for ur / U, H, and the
coefficients (7) [as appear in the outer-layer equation (6)] for Reg
increasing from 104 to 108. The large Reynolds number behavior is
in full agreement with the series expansions with respect touT/U,
as given by Eq. (22) (with C* = G = 8.9 following from the
calculations). This confirms that the solution of the boundary-layer
equations asymptotes to the similarity solution described by the
defect-layer equation (23) for increasing Reynolds number.

Figure 2 shows the similarity solution for the k-€ model at ft = 8,
as obtained from the defect-layer equation (23) [Eq. (6) with a = 25,
co = —4, y = x = 0; the solution is denoted as the solid line in
Fig. 2] and from the defect-layer equation (24) [Eq. (6) with a = 25,
co = y = x = 0; denoted as A in Fig. 2]. Figure 2 shows that the
solution of the boundary-layer equations asymptotes to the solution
of the defect-layer equation (23) (given by Tennekes and Lumley10

and also derived in this paper) and not to Wilcox's8 defect-layer
equation (24). However, even for the Reynolds numbers as large at
Reg there still is a slight difference (particularly for the Reynolds

Table 1 Reo dependence of the coefficients in the defect-layer
equation (6) as computed with the DSM for /3 = 1

Re9 ur/U H

104

105

106

107

108

00

0.0337
0.0285
0.0247
0.0219
0.0196

0

U -

1.456 4.73
1.350 4.61
1.287 4.51
1.244 4.44
1.212 4.39

1 4

25.

uW.

15.

10.

5.

°(

-0.655
-0.619
-0.605
-0.586
-0.582
-0.5

-0.0440
-0.0353
-0.0299
-0.0256
-0.0228

0

j\
) 0.05

^x
0.10

0.125
0.103
0.087
0.075
0.066

0

/ A 0.15

a) Velocity
10.

0
0.05 0.10 / A 0.15

2//A
b) Reynolds shear stress

Fig. 2 Comparison between solutions for (3 - 8, using the k-e model,
obtained with the boundary-layer equations at Reg = 106 (- • -) and 108

(——) and with the defect-layer equations (23) (——) and (24) (A).

shear stress in Fig. 2b) between the boundary-layer solution and the
defect-layer solution [Eq. (23)]. The reason is that the rate at which
the asymptote is approached becomes slower (with respect to Reo)
for increasing ft. The maximum in the Reynolds shear stress for
the solution of the boundary-layer equations at ReB -> oo can be
guessed by extrapolating the solution for Re9 = 106 and 108, using
the series expansion

(25)

where C\ and C2 are constants, with C\ = [ (—u / v f ) m w i / u l ]Re e -+oo>
For Reo = 106 the maximum is 7.89 (and ur/U = 0.0231), and
for Re0 = 108 the maximum is 8.05 (and ur/U = 8.05). The ex-
trapolation gives C\ = 8.75, which is close to the value 8.81 found
with the defect-layer equation (23). As Reo = 108 can be consid-
ered as an upper limit of the range of Reynolds numbers relevant
for practical aircraft aerodynamics, it follows from this analysis
that a slight error always is made when the defect-layer equation
instead of the boundary-layer equations are used to compute the
turbulence quantities. The practical relevance of the defect-layer
equation thus decreases for increasing adverse pressure gradient,
and the boundary-layer equations should be used instead.

Another illustration of the decreasing rate at which the boundary-
layer solution asymptotes to the similarity state is given in Fig. 3a,
which shows the Reynolds number dependence of the shape factor
for the boundary-layer solution at different ft values, according to
the DSM. All curves reach H = 1 at Reo -> oo, but the shape
factor at Ree = 108 for ft = 0, 8, and 20 still is 14, 47, and 71%,
respectively, above its asymptotic value.

An interesting practical question is how the outer-edge velocity
should be chosen to realize an equilibrium turbulent boundary layer,
as represented by a certain constant ft value. Bradshaw16 has sug-
gested that a practically constant ft results if the outer-edge velocity
is chosen so that U oc (x — x()yn (where jc() is a virtual origin and m
is a constant power). To verify this, we prescribed m and computed
ft for increasing Reo, but ft turns out to be very sensitive to m when
m comes close to —0.25, that is, where turbulent separation is about
to occur. This problem was overcome by prescribing ft instead of
m. Figure 3b shows the results for the DSM. Here the local m value
is defined as (x/U)(dU/dx). The turbulence model does not give
a Reynolds number independent m power for equilibrium layers;
instead, the power becomes slightly more negative for increasing
Reynolds number. As explained by Tennekes and Lumley,10 this
feature also follows from the similarity theory.

Some authors, including Clauser1 (who measured ft & 2 and ̂ 8),
have reported difficulties in establishing a stable flow in the wind

2.0.

H

1.5

1.0

= 20

' 10' 105

a) Shape factor

irf

-0.15
m

-0.20

-0.25

-0.30
104 105 10G I07

b) Power dependence of the freestream velocity
Fig. 3 Reynolds number dependence of different quantities for equi-
librium boundary layers according to the DSM.
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tunnel when the adverse pressure gradient becomes stronger. Based
on this experience, Clauser suggested that the same outer-edge ve-
locity (represented by the same m value) can correspond with two
equilibrium boundary layers, i.e., two ft values. This means that an
established experimental equilibrium boundary layer can suddenly
lose stability and jump to the other flow type. This, indeed, is what
is found with the DSM in Fig. 3b. For a given Red (above 106) the m
power decreases for ft values up to about 8, above which the power
increases again. For example, the m value for ft = 3 is almost the
same as for ft = 20 (for which experiments were performed by
Skare and Krogstad12). A similar nonuniqueness is found with the
other turbulence models.

Comparison with Experiments
Skare11 evaluated experimental data for the Reynolds shear stress

at different ft values. He noticed that —wV raax/wJ becomes propor-
tional to ft, for increasing ft, but he did not give an explanation.
This behavior can be explained with the defect-layer equation (23).
For large ft, the constant a — 1 + 3ft can be replaced by a — 3ft.
Substituting this and rj = r i j f t , f = f/*/ft, r = r/ft into Eq. (23)
gives

(26)
with the boundary conditions

/'Jo

and / -> 0 for fj -> oo. This shows that the solution in the outer
layer is independent of both Re0 and ft, for sufficiently large Reg
and ft, when the velocity scale and length scale are taken as ur^/ft
and A/-V//J, respectively. We have solved Eq. (26) for the k-€ model
(with the boundary conditions k = 6 = Qforfj = Q and fj -»> oo).
As shown in Fig. 4a for the Reynolds shear stress, the solution of
this equation is, indeed, the large ft limit of the solutions of the
defect-layer equation (23).

Figure 4b compares the solution with the k-€ model for the maxi-
mum of the Reynolds shear stress with experiments for ft ^ 1.9 and
5.4 (Ref. 16), ft « 7 (Ref. 17), and ft = 20 (Ref. 12). The compu-
tations are made with different equations: the boundary-layer equa-
tions (1) and (2), the defect-layer equation (23), and the large-/?
defect-layer equation (26). The solution with the boundary-layer

1.5
r

1.0

0.5

0.2 0.3

a)

5. 10. 15. 20. 25.
b)

Fig. 4 Reynolds shear stress with the k-e model for different {3 val-
ues: a) the similarity solution of Eq. (23) (A, (3 = 2; —, (3 = 8; ——,
(3 = 20; o, j3 = 200) and the (3 —> oo asymptote described by Eq. (26)
(——); b) maximum of the Reynolds shear stress: filled symbols
are experiments,11'16'17 and open symbols are calculations with the
boundary-layer equations (D, Reg = 5 X 104; A,/te# = 106;O,/fc?0 =
108); ——, similarity solution [Eq. (23)] and —— , (3 —> oo asymptote
[Eq. (26)].

0 0.1 yi^ 0.2

(3 = 2 (•, experiments by Clauser1)

0.04 y/A O.C

(3 = 8 (•, experiments by Clauser1)

0.06

(3 = 20 (•, experiments by Skare and Krogstad12)
Fig. 5 Comparison between turbulence models (o, algebraic; A,
k-e; x, k-u; and D, DSM) and experiments for the stream wise velocity
under different equilibrium conditions.

equations is shown for Re0 = 5 x 104, 106, and 108. Figure 4b con-
firms again that the solution of the boundary-layer equations asymp-
totes to the solution of the defect-layer equation for Re$ -> oo,
whereas the latter also approaches an asymptote for ft -» oo. All
experiments were performed at moderate Reynolds numbers, that
is, between Re9 = 104 and 105. There is very good agreement be-
tween the computations and the experiments. For ft — 20 there is
a significant Reynolds number dependence, but the computational
result shows close agreement with the experiment at Re9 = 5 x 104,
which is about the value where the experiments were performed.

The solution in the outer layer, as computed from the boundary-
layer equations with different turbulence models, is compared with
experiments in Fig. 5 for the streamwise velocity and in Fig. 6 for
different turbulence quantities. The experiments are due to Clauser1

(ft = 2 and 8) and Skare and Krogstad12 (ft = 20). The computational
curves correspond to Ree = 106 for ft = 2 and 8, and to ReB = 5 x 104

for ft = 20. All models, except for the k-e model, closely predict
the experimental streamwise velocity. All models also closely re-
produce the experimental Reynolds shear stress, but the k-6 model
somewhat overpredicts the boundary-layer thickness. The DSM pre-
dicts the structure parameter (= —u'v'/k) best and is, in fact, very
close to the new experiments for ft = 20. The DSM also gives a quite
good prediction of the Reynolds normal stresses.

With respect to the structure parameter, the experiments in Fig. 6
show that its value is almost constant and equal to about 0.3, across
most of the outer-layer thickness. This implies that the Reynolds
shear stress is proportional to the turbulent kinetic energy, as was also
discussed by Bradshaw16 based on his own experiments for a weaker
adverse pressure gradient. Most turbulence models (including the
k-e model, the k-oo model, and the DSM) have chosen the model
constants such that the proportionality with the structure parameter
0.3 is reproduced_for flows in which the production of turbulence
energy Pk (= -u'v'du/dy) equals the turbulent dissipation rate 6.
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Table 2 Performance of turbulence models for /3 ••
= 5 X 104

20

Model cf H

Experiment11

Algebraic model
k—€ model
k— a) model
DSM

0.000546
0.000463
0.001335
0.000638
0.000584

1.998
1.938
2.757
2.141
2.275

30.2
31.8
24.7
29.9
32.8

-0.220
-0.250
-0.235
-0.249
-0.239

0.02

Reynolds shear stress

0.50r

0.04 , 0.06
3//A

0 0.02

Structure parameter

0.04^0.06

°

\ •

\ ••

0 0.02 0.04 / A 0.06
1//A

Reynolds normal stress along the wall
Fig. 6 Comparison between turbulence models (o, algebraic; A,
£-e; x, k-u; and D, DSM) and experiments for the turbulence in an
equilibrium boundary layer with (3 = 20.

For example, the k-6 model has -wV = v, 3u/dy_Lwi\h vt =
As the constant c^ is set to 0.09, this gives — ufv'/k = Q. when

A quantitative comparison between the models and the exper-
iments for ft = 20 at ReB = 5 x 104 is given in Table 2 for the
wall-shear stress coefficient c/, the shape factor //, the Clauser
parameter G, and the m power in the outer-edge velocity. The poor
performance of the k-6 model becomes most clear for the wall-
shear stress coefficient, which is overpredicted by 145% compared
to the experimental value. The DSM is superior, as it gives a value
which is only 7% too large, whereas the algebraic model and the
k-a) model give a slightly larger deviation of -15% and +17%, re-
spectively. Also, for H and G, the largest deviation occurs with the
k-6 model, which gives a value that is 38% too high and 18% too
low, respectively. All models give about the same value for the m
power, namely, from about -0.24 to -0.25, which is only slightly
stronger than the experimental value of —0.22.

Conclusions
It was shown through numerically solving the boundary-layer

equations up to Ree = 108 that four types of turbulence models
asymptote to the same classical scalings in the inner and outer layer

for turbulent boundary layers under an adverse pressure gradient
with an equilibrium parameter ft [= (8*/rw)(dp/dx)] between 0 and
200. The shape of the law of the wall in the inner layer is indepen-
dent of ft at large Ree. The solution in the outer layer asymptotes to
the defect law described by the defect-layer equation of Tennekes
and Lumley and not to the defect-layer equation of Wilcox (only for
the zero-pressure gradient case, ft = 0, both formulations are equal).
(Note that this paper has been reviewed by, among others, Wilcox.
The error described in the present paper will be corrected in the
second edition of his book. Despite the error, Wilcox's conclusion
that the k-a) model is more accurate than the k-6 model for bound-
ary layers under an adverse pressure gradient remains valid.) The
correctness of the formulation by Tennekes and Lumley was also
verified by a series expansion in the small parameter ur/U. The
similarity solution is approached slower for increasing ft value; for
example, even at Red = 108 (which may be considered as an upper
limit for aircraft applications) the shape factor H can still be sig-
nificantly above its asymptotic value H = 1. For increasingly large
ft, the defect-layer equation can be further simplified, which shows,
for example, that the maximum Reynolds shear stress, when scaled
with u2

r is proportional to ft. The power m in the outer-edge veloc-
ity that corresponds to a certain equilibrium boundary layer is not
constant, but slowly decreases with increasing Reynolds number. A
nonunique relation between the m power and the equilibrium param-
eter ft is found for all four turbulence models, which is in agreement
with the experimental findings of Clauser1; for example, the turbu-
lence models show that equilibrium boundary layers with ft values
of about 3 and 20 are generated by the same outer-edge velocity.
Comparison with experiments, particularly the recent experiments
by Skare and Krogstad12 at ft = 20, shows that among the tested
turbulence models, the DSM is superior, but the algebraic model
and the k-co model are reasonably accurate. The k-6 model gives
rather large deviations for strong adverse pressure gradients, where
it considerably overpredicts the wall shear stress. However, only
one specific form of the k-6 model was considered here (namely,
the Launder and Sharma low Reynolds number k-6 model). Im-
provement of the k-6 model for adverse-pressure gradient flows
can be expected when an additional source term is added to the 6
equation. This was already demonstrated to give improvement for
a nonequilibrium boundary layer.13
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